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Abstract—We employ the Mellin transform to facilitate the
bit error ratio (BER) analysis of a fast frequency hopping
(FFH)-assisted, M-ary frequency-shift keying (MFSK) using
product combining (PC) when the transmitted signal is subjected
to both Rayleigh fading and partial-band noise jamming. Exploit-
ing the fact that the Mellin transform of the product of indepen-
dent random variables is the product of their Mellin transforms,
we derive the probability density function (PDF) of the PC’s out-
put. The derivation of the PDF then allows the computation of the
system’s BER. It is shown that the Mellin transform substantially
simpliﬁes the analysis of the PC receiver and hence facilitates,
for the ﬁrst time, the analysis of the FFH-MFSK PC receiver for
modulation orders of M>2.
IndexTerms—Fastfrequencyhopping(FFH),Mellintransform,
partial-band noise jamming (PBNJ), probability density function
(PDF), product combining (PC), Rayleigh fading, residues.
I. INTRODUCTION
F
AST FREQUENCY hopping (FFH), M-ary frequency-
shift keying (MFSK) using product combining (PC) has
been shown to efﬁciently combat partial-band noise jamming
(PBNJ) [1]–[8]. In [3] and [5]–[7], Teh et al., Chang and Tu,
Shen and Su, and Lim et al. have analyzed the PC-based FFH
binary frequency-shift keying (BFSK) receiver under various
fading and jamming conditions, employing the characteristic
function (CF) [9] and using the natural logarithm to convert the
product into summation for the sake of deriving the probability
density function (PDF) of the PC’s output. The challenge
associated with the natural logarithm and CF-based approach
is that, closed-form expressions cannot be readily obtained
for the PDF of the PC’s output. Consequently, the symbol
error probability (SEP) of BFSK is expressed using a double
integral [3]. For the more challenging MFSK scenario, the
corresponding expression is expected to be more complicated,
involving multiple integrals.
Let us elaborate on this point using the relevant expressions
for the PDF of the PC’s output and for the SEP. In the context
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of the CF and the natural-logarithm-based method employed in
[1]–[5], if
Zm =
L−1  
l=0
Uml (1)
denotes the PC’s output, we have
lnZm =
L−1  
l=0
lnUml (2)
where Uml denotes the energy detector output, L is the number
of FFH hops per symbol, and m =0 ,1,...,M− 1. Hence, the
PDF of lnZm is derived in terms of the PDFs of lnUml using
the CF method [3], [7], [9]. Thus, we have
φ(lnZm)=
L−1  
l=0
φ(lnUml) (3)
where φ(x) denotes the CF of x. The PDF of lnZm can then
be obtained from its CF [9]. To determine the PDF fZm(ym) of
the PC output Zm from the PDF of lnZm, further mathematical
steps are involved. For the sake of bit error ratio (BER) calcula-
tion, the SEP is derived in the context of MFSK-based schemes
using the relation [9]
Ps =1−
∞  
0
fZ0(y0)
⎡
⎣
y0  
0
fZm(ym)dym
⎤
⎦
M−1
dy0 (4)
given that m =0 is the transmitted tone. For BFSK, i.e.,
for M =2 , the relation given by (4) is equivalent to ﬁnding
the probability that (Z1 >Z 0). The natural-logarithm-based
method of [3] and [7] instead ﬁnds the probability that (lnZ1 >
lnZ0). Alternatively, some simpler technique may be invoked,
such as ﬁnding the probability that ln(Z1 − Z0) > 0 [7], thus
obviating the need to ﬁnd the PDF of the PC output Zm.
However, for modulation orders greater than 2, the analysis
invloves M>2decisionvariables,andnosimilarshortcutmay
be applied. Thus, if M>2 is considered, (4) would consist
of four integrals. This is the reason that the natural logarithm
method [3], [7] has not been applied to modulation orders
greater than 2.
In [8], the employment of Fox’s H-functions was proposed
for deriving the PDF of the PC’s output and, hence, the BER of
the FFH-BFSK PC receiver. In their analysis, Huo and Aluoini
0018-9545/$25.00 © 2008 IEEE
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[8] have exploited the fact that a product of H-functions is also
an H-function [10]. Huo and Aluoini [8] have also employed
another technique, which involves generalized F-variates for
the sake of deriving the corresponding BER expressions. The
methods proposed in [8] have been shown to be unproblem-
atic for BFSK systems. However, they might lead to more
computationally cumbersome formulas when applied to higher
throughput M-ary systems.
Hence, all the analysis techniques proposed in the literature
for PC-based receivers [3], [7], [8] have been applied to BFSK
and are unsuitable for a modulation order of M>2. Motivated
by the fact that the Mellin transform may be employed to
derive the PDF of a product of random variables [10]–[12], we
invoke, for the ﬁrst time in a journal, this powerful technique
that analyzes a PC-aided FFH-MFSK. To elaborate a little
further, the Mellin transform is an integral transform similar
to the Laplace and Fourier transforms. Explicitly, the Mellin
transform of a random variable having a PDF of f(x) is given
by [10], [12]
M[f(x),z]=
∞  
0
xz−1f(x)dx (5)
whereas the corresponding inverse Mellin transform returns the
PDF and is deﬁned as [10], [12]
f(x)=
1
2πi
c+i∞  
c−i∞
x−zM[f(x),z]dz (6)
where we have i =
√
−1, and the integration is carried out
along any line parallel to the imaginary axis that lies within
the strip of analyticity [10].
The novel goal of this paper is for the proposed Mellin-
transform-based technique to allow the PDF of the PC’s output
to be expressed in semiclosed form and thereby to substantially
simplify the BER analysis of FFH-aided MFSK using PC when
the transmitted signal is corrupted by PBNJ and Rayleigh
fading and, hence to facilitate, for the ﬁrst time, its analysis
for M>2. In our previous contribution on this topic [13],
we considered the same problem, employing the square-law
detection [9] of the FFH-MFSK signal. By contrast, in this
contribution, we employ envelope detection [9] because the
choice of either the square-law detector or the envelope detector
does not affect the system’s BER, and both of them may be
considered for employment in a noncoherent MFSK demodula-
tor [9]. However, as demonstrated in Section IV, employing an
envelope detector in the MFSK demodulator results in a more
convenient computation of the BER for a wide range of system
parameters.
Furthermore, we will show in Section III that for envelope
detection, the random variable at the PC’s output is a product of
Rayleigh variables, whereas in [13], it was characterized by a
product of exponentially distributed variables. In [14], the PDF
of a product of Rayleigh-distributed variables has been derived
by employing the Mellin transform. However, the inverse of the
Mellin transform has been derived using Meijer’s G-function
in [14], whereas we will employ the residue method for this
purpose, owing to its conceptual simplicity [11], [13].
The rest of this paper is structured as follows. In Section II,
the system under study is brieﬂy described. In Section III, the
relevant statistics, as well as the corresponding BER expres-
sions, are derived using the Mellin transform. In Section IV,
our numerical results are discussed, and ﬁnally, in Section V,
our conclusions are presented.
II. SYSTEM DESCRIPTION
The system studied is similar to that considered in [3] and
[8], except that we have a modulation order of M ≥ 2.I nt h e
FFH-MFSK transmitter, the MFSK signal modulates the carrier
generated byafrequency synthesizer,which iscontrolled bythe
L-tuple FFH address generated by a pseudonoise (PN) gener-
ator, where L is the number of frequency hops per symbol.
The hop interval Th is related to the symbol interval Ts by
Th = Ts/L. The separation between adjacent frequency tones
is assumed to be Rh =1 /Th, which also represents the band-
width occupied by a single FFH-MFSK tone.
The channel is assumed to be a frequency-ﬂat Rayleigh-
fading medium for each of the transmitted frequencies. Fur-
thermore, we assume that the separation between the adjacent
frequencies is higher than the coherence bandwidth of the
channel. Therefore, all FFH tones conveying the same symbol
experience independent fading.
The transmitted signal is also corrupted by additive white
Gaussian noise (AWGN) and a PBNJ signal having single-
sided power spectral densities of N0 and NJ, respectively. We
assume that the PBNJ signal jams a fraction 0 ≤ ρ ≤ 1 [8] of
the total spread-spectrum bandwidth Wss. We also assume that
the PBNJ signal is contiguous, and hence, all of the MFSK
tones of a particular band are jammed if the jamming signal
is present in that band. Thus, the probability that a band or a
tone is jammed is given by ρ, whereas the probability that the
band is not jammed is (1 − ρ).
The receiver schematic is shown in Fig. 1, where a bandpass
ﬁlter removes any frequency that falls outside the bandwidth
Wss. Then, the frequency dehopper of Fig. 1, which is identical
to and aligned with the frequency hopper of the transmitter,
despreads the received signal by exploiting the knowledge
of the transmitter’s unique FFH address. The demodulator
is comprised of M branches, each corresponding to a single
MFSK tone and consisting of an envelope detector [9], as
well as a PC. At the output of the PC, one of the M decision
variables is obtained.
III. BER ANALYSIS
In this section, we outline the PDFs of the envelope detector
outputs and employ the Mellin transform for deriving the PDFs
and cumulative distribution functions (CDFs) of the PC’s out-
puts. Finally, these PDFs and CDFs will assist us in computing
the BER [9].
When the FFH-MFSK signal suffers from Rayleigh fading,
theoutputofthenoncoherentenvelopedetectorisalsoRayleigh
distributed [9]. Therefore, assuming that the ﬁrst of the M tones
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Fig. 1. FFH-MFSK receiver using PC.
is activated by the transmitter, it can be shown that the PDF
of the envelope detector’s output signal Uml, m =0 ,1,...,
M − 1,l =0 ,1,...,L− 1,correspondingtothedesiredsignal
tone, when the transmitted signal is jammed by PBNJ, is given
by [8], [9]
f
(J)
U0l(x)=
x
2(σ2
0 + σ2
J)(1+γht)
×exp
 
−x2
2[σ2
0 + σ2
J][1+γht]
 
,x ≥ 0 (7)
where γht = bEb/(NTL) is the signal-to-interference-plus-
noise ratio per hop, NT = N0 + NJ/ρ, Eb is the transmitted
energy per bit, and b = log2 M is the number of bits per
symbol. Furthermore, in (7), the superscript (J) explicitly
indicates that the tone suffers from PBNJ, and σ2
0 = RhN0 and
σ2
J = RhNJ/ρ represent the variance of the AWGN and the
PBNJ, respectively.
By contrast, when the signal is not jammed, the correspond-
ing PDF can be expressed as [8], [9]
fU0l(x)=
x
2σ2
0(1 + γh)
exp
 
−x2
2σ2
0[1 + γh]
 
,x ≥ 0
(8)
where γh = bEb/(N0L) is the signal-to-noise ratio (SNR) per
hop. Similarly, the corresponding expressions for the PDFs
of the undesired tones of m =1 ,2,...,M− 1 are given
by [8], [9]
f
(J)
Uml(x)=
x
2(σ2
0 + σ2
J)
exp
 
−x2
2[σ2
0 + σ2
J]
 
,x ≥ 0,m>0
(9)
and
fUml(x)=
x
2σ2
0
exp
 
−x
2σ2
0
 
,x ≥ 0,m>0. (10)
Therefore, the Mellin transforms of the PDFs given by (7)–(10)
may be expressed using (5) as [10], [13], [15]
M
 
fU
(J)
0l
(x),z
 
=α
(1−z)/2
J Γ(z/2+1 /2) (11)
M[fU0l(x),z]=α(1−z)/2Γ(z/2+1 /2) (12)
M
 
fU
(J)
ml
(x),z
 
=β
(1−z)/2
J Γ(z/2+1 /2),m > 0 (13)
and
M[fUml(x),z]=β(1−z)/2Γ(z/2+1 /2),m > 0 (14)
w h e r ew eh a v eαJ =1 /[2(σ2
0 + σ2
J)(1 + γht)], α =
1/[2σ2
0(1 + γh)], βJ =1 /[2(σ2
0 + σ2
J)], and β =1 /2σ2
0,
and Γ(.) denotes the Gamma function [16].
Assuming that p out of the L hops of a symbol are jammed,
the output of the mth PC, m =0 ,1,...,M− 1,a ss h o w ni n
Fig. 1, may be expressed as
Zm =
p−1  
l=0
U
(J)
ml
L−p−1  
l=0
Uml. (15)
We will now exploit the fact that the Mellin transform of
the product of independent random variables is equal to the
product of the Mellin transforms of the individual random
variables [10], [17] for the sake of reducing the numerical
computational complexity involved. Because the signals in all
of the hops are independent, the Mellin transform of the mth
PC’s output, given that p out of the L hops are jammed, may be
expressed as
M[fZm(ym|p),z]=
 
M
 
f
(J)
Uml(x),z
  p
[M[fUml(x),z]]
L−p
(16)
where fZm(ym|p) represents the PDF of the mth PC’s out-
put m =0 ,1,...,M− 1, given that p out of the L hops
are jammed. Consequently, from (11), (12), and (16), for the
desired signal tone, we have
M[fZ0(y0|p),z]=α
p(1−z)/2
J α(L−p)(1−z)/2ΓL(z/2+1 /2)
(17)
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whereas from (13) and (14), for the undesired (nonsignal) tones
corresponding to m>0,w eh a v e
M[fZm(ym|p),z]=β
p(1−z)/2
J β(L−p)(1−z)/2ΓL(z/2+1 /2).
(18)
Then, using (6), the PDF of Z0 can be generated as the
inverse Mellin transform of (17), yielding
fZ0(y0|p)=
1
2πi
c+i∞  
c−i∞
y−z
0 α
p(1−z)/2
J α(L−p)(1−z)/2
× ΓL [(z +1 ) /2]dz. (19)
We now invoke the change of variable technique and replace
(z +1 ) /2 by z in the above equation because this does not
affect the path of integration [10]. Hence, after further simpliﬁ-
cation, we have
fZ0(y0|p)=
1
πi
c+i∞  
c−i∞
y1−2z
0 α
p(1−z)
J α(L−p)(1−z)ΓL(z)dz. (20)
Upon applying the residue theorem in [10]–[13] and [18] to
(20), we have
fZ0(y0|p)=
 
j
Res
 
2y1−2z
0 α
p(1−z)
J
× α(L−p)(1−z)ΓL(z)
 
(z=−j)
(21)
where Res[.](z=−j) represents the residue at the jth pole of the
integrand. The PDF of Z0 can be determined upon numerically
evaluating (21) by using symbolic-mathematics-based software
such as Maple or Mathematica. However, in what follows, we
also derive expressions for the PDFs fZ0(y0|p) and fZm(ym|p),
with the aid of [10], [11], [13], [16], and [18].
It is widely recognized that the function Γ(z) has an inﬁnite
number of poles at z = −j for j =1 ,2,..., and at each of these
poles, the corresponding residue is given by [16], [18]
Γ(z)(z + j)|(z=−j) =
(−1)j
j!
. (22)
Because the ΓL(z) in (21) has an Lth-order pole at each integer
value of z = −j, (21) may be expressed, using the relationship
characterizing the residues of multiple poles [10], [11], [16],
[18], as
fZ0(y0|p)=
2α
p
JαL−py0
(L − 1)!
∞  
j=0
dL−1
dzL−1
×
  
α
p
JαL−py2
0
 −z
ΓL(z)(z + j)L
 
(z=−j)
. (23)
Letting U(z)=( α
p
JαL−py2
0)−z and V(z)=Γ L(z)(z + j)L
and using Leibnitz’ rule [13], [16], (23) may be expressed as
fZ0(y0|p)=
2α
p
JαL−py0
(L − 1)!
∞  
j=0
L−1  
r=0
 
L − 1
r
 
×
 
U(r)(z)V(L−1−r)(z)
 
(z=−j)
(24)
where U(r)(z) and V(r)(z) denote the rth derivatives of U(z)
and V(z), respectively. Then, it can be readily shown that
we have
U(z)|(z=−j) =
 
α
p
JαL−py2
0
 j
(25)
and
U(r)(z)|(z=−j) =
 
−ln
 
α
p
JαL−py2
0
  r
(α
p
JαL−py2
0)j (26)
while, following a number of manipulations with the aid of
[10], [11], [13], [16], and [18], we arrive at
V(z)|(z=−j) =
(−1)jL
(j!)L (27)
and
V(r)(z)|(z=−j)=L
 
r−1  
t=0
 
r−1
t
 
V(t)(z)|(z=−j)
× (−1)r−t(r − 1 − t)!
∞  
k=0
 
1
(1+k)r−t
 
+
r−1  
t=0
 
r−1
t
 
V(t)(z)|(z=−j)
j  
k=1
1
(k)r−t
 
.
(28)
See [13] for the complete derivation of the above equation.
Hence, the PDF of Z0, conditioned on the assumption that p
out of the L hops are jammed, can be determined from (24),
whereas the PDF of Zmm>0 can be similarly expressed as
[10], [11], [13], [16], [18]
fZm(ym|p)=
2β
p
JβL−pym
(L − 1)!
∞  
j=0
L−1  
r=0
 
L − 1
r
 
×
 
U(r)
m (z)V(L−1−r)(z)
 
(z=−j)
(29)
where
Um(z)|(z=−j) =
 
β
p
JβL−py2
m
 j
(30)
U(r)
m (z)|(z=−j) =[−ln(β
p
JβL−py2
m)]r(β
p
JβL−py2
m)j. (31)
Given the PDFs fZ0(y0|p) and fZm(ym|p), the symbol error
ratio (SER), which is conditioned on the assumption that p out
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of the L hops are jammed by PBNJ, is given by [9]
Ps(p)=1−
∞  
0
fZ0(y0|p)
⎡
⎣
y0  
0
fZm(ym|p)dym
⎤
⎦
M−1
dy0.
(32)
The overall average SER is therefore given by [3]
Ps =
L  
p=0
 
L
p
 
ρp(1 − ρ)L−pPs(p). (33)
Given the SER, the corresponding BER can be determined
using the relation of Pb =[ ( M/2)/(M − 1)]Ps [9].
Alternatively, we can express the conditional SEP as [9]
Ps(p)=1−
∞  
0
fZ0(y0|p)[FZm(y0|p)]
M−1 dy0 (34)
where FZm(y0|p) is the CDF of Zm, m>0, conditioned on p
out of the L hops being jammed, and is given by FZm(y0|p)=   y0
0 fZm(ym|p)dym. From [12] and [15], we know that the
Mellin transform of the integral of a function can be evaluated
using the relation
M
⎡
⎣
u  
0
f(x)dx,z
⎤
⎦ = −
1
z
M[f(x),z+1 ]. (35)
Consequently, from (18) and (35), we have
M[FZm(y0|p),z]=−
1
z
β
−pz/2
J β−z(L−p)/2ΓL(z/2+1 ) .
(36)
Upon taking the inverse Mellin transform of (36) according to
(6) and replacing (z/2+1 )by z, an expression similar to (24)
and (29) can also be derived for FZm, which is given by
FZm(y0|p)=−
β
p
JβL−py0
(L − 1)!
∞  
j=0
L−1  
r=0
 
L − 1
r
 
×
 
U
(r)
m0(z)V(L−1−r)
m (z)
 
(z=−j)
(37)
where
Um0(z)=
 
β
p
JβL−py2
0
 −z
(38)
and
Um0(z)|(z=−j) =
 
β
p
JβL−py2
0
 j
(39)
whereas its rth derivative U
(r)
m0(z) at z = −j is given by
U
(r)
m0(z)|(z=−j) =
 
−ln
 
β
p
JβL−py2
0
  r  
β
p
JβL−py2
0
 j
. (40)
Furthermore, in (37), we have Vm(z)=V(z)/(z − 1), whereas
its rth-order differential may be expressed, using Leibnitz’ rule
Fig. 2. PDF of the PC’s output for both the square-law and envelope detection
of the desired tone for an FFH-aided 4-ary FSK PC receiver communicating
over an interference-free Rayleigh-fading channel, assuming L =3a n d5a n d
Eb/N0 =1 0dB.
and a number of further simpliﬁcations[16], as
V(r)
m (z)|(z=−j) = −
r  
t=0
 
r
t
 
V(t)(z)|(z=−j)
(r − t)!
(1 + j)r−t+1
(41)
where V(t)(z)|(z=−j) is given by (28). Given FZm(y0|p),
Ps(p) can also be computed using (34), which involves only a
single integration, whereas in (32), two integrations have to be
computed.
IV. ANALYTICAL RESULTS AND DISCUSSION
In this section, we validate our analysis detailed in
Section III using analytical and simulation results and dis-
cuss the achievable performance of the system employing the
proposed method. The integrations seen in (32) and (34) are
numerically performed. It has been found, based on our results,
thatusingalimitednumberofresidues,i.e.,j ≤ 25,issufﬁcient
for accurately computing both the PDF and the BER.
Using (24), we portray the PDF of the PC’s output corre-
sponding to the FFH-MFSK signal tone in Fig. 2, assuming
M =4 , L =3and 5, and Eb/N0 =1 0dB in the absence of
jamming. The PDF of the PC’s output assuming square-law
detection has also been shown using results from [13]. It can be
seen in Fig. 2 that beyond a certain value of the PC’s output, the
envelope detection of the received signal leads to a smaller area
under the tail of its PDF compared to the square-law detection.
The high probability of encountering high PC output values
for square-law detection is due to its squaring operation. By
contrast, as observed in Fig. 2, the PDF has a more limited
dynamic range when envelope detection is employed. Because
accurate numerical integration in (32) and (34) requires the
truncation of the PDF at a point where it becomes negligible,
the employment of envelope detection facilitates the numerical
computation of the BER. We also note from Fig. 2 that the
PDFs corresponding to L =5indicate a lower probability for
lower PC outputs than those for L =3 , whereas the opposite
is true for high PC outputs. This observation holds both for
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Fig. 3. Comparison of the analytical results obtained using (33) and the
simulation results of the BER versus the Eb/NJ performance of an FFH-
aided 8-ary FSK PC receiver communicating over a Rayleigh-fading channel,
assuming Eb/N0 =2 0dB, ρ =0 .1, and various L values.
the envelope and square-law detection and indicates having an
increased probability of high PC outputs when a high diversity
order is employed.
Using (33) and (34), the effects of increasing the diversity or-
der on the system BER has been characterized in Fig. 3. In this
ﬁgure, the parameters of M =8 , ρ =0 .1, and Eb/N0 =2 0dB
havebeenassumed.Thisﬁguredemonstratesthatincreasingthe
value of L enhances the achievable diversity gain, which results
in an improved BER. Fig. 3 also demonstrates that our analyt-
ical results match the simulation results, although we note in
Fig. 3 that at L =5 , the analytical results slightly deviate from
the simulation results, particularly when Eb/NJ approaches
20 dB. The reason for this inaccuracy is that having a high
diversity order prevents the accurate computation of (24), (29),
and (34), as explained above. Another reason for the inaccuracy
of these resultsisthat the computation of theSER at high values
of L incurs higher order differentials, which involve recursive
additions (and subtractions) of very large numbers, thus result-
ing in roundoff errors in the computation of (24) and (37).
In Fig. 4, we have plotted the BER for M =3 2 , L =3 ,
Eb/N0 =2 0 dB, and for various values of the PBNJ duty
factor ρ. We note from this ﬁgure that the BER performance of
the system using MFSK follows similar trends to those reported
in the context of BFSK in [8]. Speciﬁcally, as seen in Fig. 4,
ρ =1results in the worst BER performance, and hence, for
ρ<1, a better BER performance is recorded. This observation
demonstrates that PBNJ associated with a duty factor of unity
constitutestheworst-casejammingscenarioinRayleighfading.
This result is in agreement with previous results on FFH-BFSK
PC systems designed for combatting PBNJ [3], [7], [8]. How-
ever, note that under less-severe fading conditions or in AWGN,
the value of the worst case duty factor may be less than unity,
as reported in numerous contributions, including [19]–[24].
Note also in Fig. 4 that as the signal power increases in
comparison to the jammer power, the performance of the
system becomes less sensitive to ρ.
We also note in Fig. 4 that the analytical results pertaining
to ρ =0 .01 slightly deviate from the corresponding simulation
Fig. 4. Comparison of the analytical results obtained using (33) and the
simulation results of the BER versus the Eb/NJ performance of an FFH-
aided 32-ary FSK PC receiver communicating over a Rayleigh-fading channel,
assuming L =3 , Eb/N0 =2 0dB, and various values of the PBNJ duty
factor ρ.
results. The reason for this difference is that at a low PBNJ
duty factor, the effective jammer power encountered in a
jammed hop increases, contributing to the increased magnitude
of the received signal. Thus, in this scenario, the resultant PC
output may become high, and the area under the tail of its
PDF may increase. Consequently, under these conditions, the
computation of the PDFs and the BER using (24), (29), and
(34) may be less accurate.
It has been observed in our investigations that the
computation of the BER becomes challenging for L>5,
for low values of the jamming duty factor, as well as for
Eb/NJ and Eb/N0 > 20 dB, in conjunction with high M, and
hence, some numerical precision may have to be sacriﬁced.
Nonetheless, the results are fairly reliable for a wide range of
system parameter values of practical interest.
Having validated our analysis using Figs. 3 and 4, we further
illustrate the effects of the PBNJ duty factor on the achievable
system performance by plotting the BER against ρ in Fig. 5 for
M =8and 64,a sw e l la sf o rEb/NJ =1 0 , 15, and 20 dB.
This ﬁgure conﬁrms that ρ =1 constitutes the worst case
PBNJ. Furthermore, we note in Fig. 5 that for the relatively
high value of Eb/NJ =2 0dB, the effect of the jammer duty
factor is not as signiﬁcant as it is when Eb/NJ =1 0dB is
used. Thus, the BER curves corresponding to Eb/NJ =2 0dB
are signiﬁcantly ﬂatter than those for Eb/NJ =1 0dB. Another
important observation inferred from Fig. 5 is that the lower the
duty factor value, the less dramatic the effect of the jammer
power on the BER will be. More speciﬁcally, observe in Fig. 5
that at low values of the PBNJ duty factor, e.g., at ρ ≈ 0.01,t h e
BER values recorded are limited to a narrower range regardless
of the signal-to-jamming ratio (SJR) value considered. The
reason for this trend is that at lower ρ values, PBNJ is not as
effective as it is at high values of ρ.
Let us now portray our BER results for various values of
the modulation order in Fig. 6, where the parameter values of
L =3 , ρ =0 .1, and Eb/N0 =2 0dB have been assumed. The
results of this ﬁgure demonstrate that the performance of the
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Fig.5. BERversusthePBNJdutyfactorperformanceofanFFH-aidedMFSK
PC receiver communicating over a Rayleigh-fading channel, assuming L =4 ,
Eb/N0 =2 0dB, and various values of M and Eb/NJ.
Fig. 6. BER versus the Eb/NJ performance of an FFH-aided MFSK PC
receiver communicating over a Rayleigh-fading channel, assuming L =3 ,
Eb/N0 =2 0dB, ρ =0 .1, and various M values.
system improves as the modulation order is increased. This
result is in agreement with our prior knowledge in the context
of M-ary systems [9]. However, only a modest performance
improvement is observed in Fig. 6 upon increasing M beyond
M =1 6 . Thus, for the sake of striking a good balance between
the achievable performance improvement and the bandwidth
expansion imposed, M =8 or 16 constitutes a beneﬁcial
tradeoff in the context of the system considered.
Let us now quantify the system performance against the
worst-case PBNJ, which correponds to ρ =1 , as mentioned
above in the context of Figs. 4 and 5. In Fig. 7, we plot
the BER against Eb/NJ for ρ =1and for both M =2and
M =1 6 , as well as for various SNR values. Our ﬁrst obser-
vation in Fig. 7 is that the attainable diversity gain is low
when the worst-case jamming is encountered, particularly when
Eb/N0 is also low. This observation becomes more explicit
upon comparing Figs. 3 and 7, where ρ<1 is assumed and
consequently increasing the value of L, results in a signiﬁcant
Fig. 7. BER versus the Eb/NJ performance of an FFH-aided MFSK PC
receiver communicating over a Rayleigh-fading channel, assuming ρ =1 ,
M =2and 16, Eb/N0 =1 5and 20 dB, and various L values.
BER improvement. By contrast, we observe in Fig. 7 that
initially, no diversity gain is attained, but it becomes more
apparent beyond Eb/NJ ≈ 10 dB. For instance, for M =2and
Eb/N0 =2 0dB, the system using L =6outperforms L =4
and L =5when Eb/NJ exceeds 15 dB. This trend has been re-
ported in the context of all FFH-MFSK diversity combining re-
ceivers [3], [20]–[24], and it may be physically attributed to the
noncoherent combining losses, which limit the diversity gain at
alow signal power. We also observe in Fig. 7 that the achievable
diversity gain is signiﬁcant in the case of M =1 6 , whereas cor-
responding to BFSK, there is hardly any beneﬁt in using higher
values of L, particularly at Eb/N0 =1 5dB. This observation
demonstrates that, as expected, having an increased modulation
order M typically yields a higher diversity gain. Another obser-
vationthatwemayinferfromFig.7isthattheSNRhasasignif-
icant effect on the attainable BER performance of the system.
To further characterize the effect of the SNR on the achiev-
able system performance, we plot the system’s BER against
Eb/N0 for L =5 , as well as for various M and SJR values in
Fig. 8. Comparing Fig. 8 with Figs. 3 and 7, our earlier observa-
tion that the SNR has a substantial impact on the system’s BER
is conﬁrmed. More speciﬁcally, we note that although in Fig. 3
the BER corresponding to a particular value of L is limited to
a narrower range of SJR values spanning from 0 to 20 dB, in
Fig. 8, the BER varies with the SNR over a signiﬁcantly wider
range. The reason for the more substantial impact of the SNR
on the system’s BER is that the detrimental effect of jammer
power is limited by another factor, namely by the PBNJ duty
factor, as discussed in the context of Fig. 5 above. By contrast,
theAWGNisimposedonthetransmittedsignalunderallcondi-
tions and thus imposes a more substantial effect on the BER.
V. C ONCLUSION
We have used the Mellin transform to analyze the BER
performance of the classic FFH-MFSK PC receiver, operating
in a Rayleigh-fading channel contaminated by PBNJ. We have
demonstrated that the Mellin transform is a convenient tool to
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Fig. 8. BER versus the Eb/N0 performance of an FFH-aided MFSK PC
receiver communicating over a Rayleigh-fading channel, assuming L =5 ,
ρ =0 .1, Eb/NJ =1 0and 15 dB, and various M values.
derive the PDF of a product of random variables. By employing
the Mellin-transform-based technique, the PDF and the CDF
of the PC’s output was determined in a semiclosed form, as
seen in (24), (29), and (37). With the aid of these PDF and
CDF expressions, the BER of the system has been numerically
evaluated, enabling for the ﬁrst time the analysis of this receiver
for M>2. Furthermore, the Mellin-transform-based method
provides a convenient expression for computing the PDF of
the PC’s output, thus providing additional insights, whereas
the previous methods proposed in the published literature [3],
[7], [8] fall short of providing a solution to this problem.
The proposed technique has been shown to be accurate, and the
analytical results obtained using (24), (34), and (37) match the
simulation results for most practical values of the modulation
order, PBNJ duty factor, L ≤ 5, and Eb/NJ and Eb/N0 ≤
20 dB.
Our analytical results have demonstrated that PBNJ having
a jamming duty factor of unity results in the worst-case jam-
ming scenario for the FFH-MFSK system communicating over
Rayleigh-fading channels. Moreover, the BER performance of
the system improves as either the modulation order or the
diversity order is increased. An important observation made
through our results is that signiﬁcantly greater diversity gain
can be achieved from FFH if a higher modulation order is
employed. Our future research may focus on the investigation
of the same system when communicating over more general
classes of fading channels, such as Rician or Nakagami-m
channels, because the relevant Mellin transforms exist [15].
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